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Abstract 

We consider the low energy effective chiral theory of QCD mesons and 
the electroweak Goldstone bosons. In this effective theory the pion sector 
contributes to the gauge boson masses and the Yukawa couplings of the 
fermions. Consequently the Yukawa sector of quarks and leptons can have 
a SU{2)l X U{1)y x U{1)a global symmetry even with nonvanishing fermion 
masses. The extra chiral U{1)a symmetry can be used to rotate the CP vio- 
lating 9GG term away which therefore makes no contribution to low energy 
CP violating effects like the neutron electric dipole momment. The Goldstone 
mode associated with this U (1)a symmetry may be identified with the SU (2) 
singlet meson r/Q. 



Typeset using REVTeX 



* mohanty @iopb . ernet . in 



1 



The strong CP problem is a naturalness problem [|l| arising from the fact that the di- 
mensionless parameter 6 in the CP and T odd QCD operator OG'^'^G^u is constrained 
by the measurement of the neutron electric dipole momment 0|to be less than 10~^. This 
parameter receives contributions from various sources like (a) the QCD vacuum angle 9 
which was invoked by t'Hooft to resolve the U{1)a problem, (b) diagonalisation of the 
quark mass matrix involves making an anomalous chiral U{1)a transformation on the quarks 
which contributes arg detMij ( Mij being the quark mass matrix) to 6 and (c) a divergent 
radiative correction at higher orders in perturbation theory from the CP violating phase in 
the CKM matrix [^. The naturalness problem is the problem of explaining, in the absence 
of a dynamical principle, why these diverse contributions to 6 cancel to within 10~^. Pec- 
cei and Quinn introduced the idea that a global U{1)a symmetry may be responsible 
for the vanishing of 6 which was incorparated by introducing an extra Higgs doublet and 
the associated Goldstone boson, the axion 0, in the standard model. The Peccei-Quinn- 
Weinberg-Wilczek axion has been experimentally ruled out p] and so far none of its variants 
-the invisible axions - have been observed []TU[, ||TT|| . 

We have implemented the Peccei- Quinn idea in a low energy effective theory of the 
standard model. We consider the effective theory of the QCD mesons and the electroweak 
Goldstone bosons. The QCD sector has a U{2)l x U{2)ii global symmetry which is broken 
spontaneously to U{2)v with pions and the rjQ as the Goldstone bosons 0], [|l^. The weak 
interactions of the pions are obtained by gauging the SU{2)l x f/(l)y subgroup of this 
theory. At low energies the Higgs sector of the electroweak theory is a chiral perturbation 



theory of the electroweak Goldstone bosons [|TJ]. The coupling of pions vr" and electroweak 
Goldstone bosons w"' to the and Z gauge bosons show that the linear combination 
= {v^ + w"" + f 71°") are the unphysical Goldstone bosons which appear as the 

longitudinal components of the and Z bosons (where / ^ 92 Mev and v = 246 Gev 
are the symmetry breaking scales of the QCD and electroweak sectors respectively) ||15|| . 
The physical Goldstone bosons -the electroweak pions - are the orthogonal combination 

meson sector also contributes to the Yukawa 



couplings of the quarks and leptons. Owing to this additional Yukawa coupling it is possible 
to impose a SU{2)l x f/(l)y x U{1)a global symmetry on the Yukawa sector and still have 
nonzero masses of the u and d quarks. The extra chiral U{1)a symmetry can be used to 
rotate the CP violating 9 GG term away while keeping the fermion mass terms invariant. 
This means that the QCD vaccuum angle does not contribute to any low energy CP violating 
processes like the neutron electric dipole momment. The Goldstone boson associated with 
the spontaneous breaking of the U{1)a symmetry is the SU{2) singlet meson the r]o- The 
deviations of the low energy effective theory of Goldstone bosons from the standard quark 
model can be tested experimentally in the rare decays of pions and the rj and 1]' mesons. 

The lagrangian of QCD with u and d quarks has a U{2)l x U (2)/j global symmetry in the 
limit of vanishing quark masses. If this symmetry were to hold in the physical spectrum then 
the low lying hadrons and mesons would appear as parity doublets and since such a parity 
doubling is not observed in nature it is assumed that the global U{2)l x U{2)r symmetry 
is broken to U{2)y. The Goldstone bosons arising from this symmetry breaking transform 
as U{2)i X U{2)fi/U{2)Y ~ SU{2)a x U{1)a and are identified with the pseudoscalar pion 
triplet vr^, vr'' and rjo. The rjo is considerably heavier than the pions due to the effect of QCD 
instantons and because the associated U{1)a symmetry is anomalous The Goldstone 
meson matrix is represented by 

U = exp ( — J h ^y-*)- (1) 

where T"- are the generators of SU(2) with the normalisation trT"-T'^ = (1/2) 6""^. The 
lagrangian can be written as the series 

C = j^d^U d^'U^ + ■ ■ • (2) 

where the expansion is in powers of E/Airf and the breaks down at energy scales E ~ Anf ~ 
IGev. The weak interactions of the pions are obtained by gauging the SU{2)l x U{\)y 
subgroup of the global symmetry SU{2)l x SU{2)r, the U{1)y being generated by the 
T|, subgroup of SU{2)r. The r/o is a singlet under SU{2)l x f/(l)y. Using the notation 
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Ql = {ul, Qr = ^r)'^ 1 the hypercharge quantum numbers oiQi and Qr can 

be written as Yq = 1/6 + (T^)r. The SU{3) x SU(2)i x f/(l)y quantum numbers of the 
chiral fields is displayed in Table 1. The meson matrix U transforms as the quark bilinear 
Ql Qr- Under SU{2)l x f/(l)y the fields Ql ,Qr, U transform as 

Ql^ LQl , Qr ^ QrR^ , U ^LUR^ (3a) 



where L = exp{i2aaTl + i2/?(l/6)) and R = exp{i2(3{l/6 + T|)). (3b) 

The covariant derivative acting on U defined by 

D^U = d,U + tg^W^ T-U - tg, U T3 (4) 

transforms under the local chiral transformation (^^) as 

D^U LU R^ (5) 

and determines the weak couplings of the Golstone mesons. The weak interactions of the 
pions is given by the lagrangian expansion 

C = j^D^U D^U^ + V{U) + ■■■ (6) 

The potential V{U) is chosen such that at the minima the chiral field U has a nonzero 
vacuum expectation value 



/ 



1 0^ 



which breaks the symmetry from SU{2) l x U{1)y to Uem{^) spontaneously. If pions were the 
only Goldstone bosons in the theory then they would dissapear from the physical spectrum 
and appear as the longitudinal components of the and Z. In the standard model at low 
energy there will be mixing of the pions with the electroweak Goldstone bosons ||I5[ . To see 
this we write the electroweak Higgs sector as a chiral lagrangian WM . The four real fields of 



the Higgs doublet $ = (0"'', 0°)"^ may be represented by a 2 x 2 matrix valued field 



1 ?2?/; T°- 

S = -^(t; + H) exp (^^) (8) 

where v = 246 Gev is the electroweak symmetry breaking scale , H the physical Higgs field 
and w"" are the electroweak Goldstone bosons. We shall work in the nonlinear sigma model 
limit where the mass of H is much larger than the energy scale of the effective theory and 
we shall drop H from (|]). Under SU{2)l x U{1)y the transformation of E is defined as 

S ^LE (9a) 

where L = exp{i2aaTl + i2(3^{B - L)) and R = exp{i2f3{T'^ + ^{B - L)). (9b) 

The hypercharge subgroup is represented by the Tjj generator of SU{2)ii and the fermions 
have hypercharge quantum numbers Y = {T^)ji + {1/2){B — L). At the minima of the Higgs 
potential S acquires the vacuum expectation value 

1 
V2 \ 1 



= ^ I 1 (10) 



and the symmetry of the chiral lagrangian breaks spontanously from SU{2)l x f/(l)y to 
U{^)em generated by T| + T| + (1/2) (5 — L). The covariant derivative corresponding to 
the local gauge transformation (|9a| , |9b|) is given by 



S = + tg2W^ T-T. - tg, B^ S T, (11) 

and transforms under the local transformation ( pa| , pE| ) as -D^S L D^H R^ . The gauge 
interactions of vr" and w"' are obtained by expanding the exponetials in the lagrangian 

£ = i^^S D^St + ^D^U D^U^ (12) 

in powers of it"- and w"". Expanding (0) the terms thus obtained are the Goldstone boson 
kinetic energy 

a^TT'^ dV + d^7]o d^'r]o + d^w" dV (13) 
and the gauge boson mass terms 



4^2^ 2 

which are diagonahsed hj Z = {Cos9w — SinOy/ B) and A = {SinOw W^s + CosOw B) 
with the usual Weinberg angle CosOw = 92 l{g\ + 92)^^'^ and SinOw = 9i^/{9i^ + 92^)^^"^ 
to yield the gauge boson masses 

Mw = \92{v' + ff" (15) 

and Mz = My/ /CosOw We see that the QCD pion mixing contributes an extra AM^y = 
{l/2){p /v'^)My/^ ~ 5.71eV. This maybe too small to be of experimental significance. 
Finally the expansion of the lagrangian (0) yields the gauge boson-Goldstone boson inter- 
action term 

I W'' {v d^w'' + f d.n'^) + ^-^B^ {v d^w' + f d^). (16) 

We see that the linear combination defined as 

\w'') = {v' + f)-'^'{v\w^) + f\n^)} (17) 

are the longitudinal components of the W^,Z bosons and can be gauged away from the 
lagrangian by a SU {2)l x U (l)y gauge transformation. The Goldstone bosons which remain 
in the physical spectrum are the combination orthogonal to w°' 

\r) = {v' + fr'/'{v\n^)-f\w^)} (18) 



and may be regarded as the physical pions. Since //f ~ 0.36 x 10^'^ we can see from (|T8[) 
that the physical pions are largely the QCD pions with a small admixture of electroweak 
Goldstone bosons. 

Turning to the Yukawa sector we shall show that the Yukawa couplings of mesons may be 
responsible for the resolution of the strong CP problem as it is possible to impose an extra 
U{1)a global symmetry and still have nonzero quark masses. Consider the quark sector. The 
most general SU{2)l x f/(l)y invariant Yukawa couplings of the quarks Q\ = {u\,(Pl) 
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and Q'^ = d^nY (where the superscript i is the generation index = -u, c, t and 
(P = d, s, h) is of the form 

QIT.G'= Q^^ + Q\U G''' Q'r+ h.c (19) 

Here C^^ and G"*"' are 2x2 diagonal matrices G'-' = diagonal{gu^\ Qd^) and G'^-' = 
diagonal{g'^-' , g'J^-'). One can perform biunitary transformations on G*-' and G'*'' to make 
them real and diagonal in the generation index. The axial U{1) part of such transforma- 
tions is anomalous and add to the vaccuum angle 6 term 

eGG ^{e + arg det {v G'^ + f G"^)) GG (20) 

It is the coupling 6 = [6 + arg det {v G^^ + / G'*-')) which is restricted by the neutron 
electric dipole momment to be less than 10^^ 0. In the diagonal basis we have the following 
expression for the quark masses in terms of the Yukawas defined in ([T9|) 

= 2-1/^ {vgu + f g'u) (21a) 

m, = 2-1/2 + / g'^) (21b) 

(where we have suppresed the generation index). From an analysis of the effect of quark 
mass on the masses of baryons and mesons Jl^ ,the quarks are assigned running masses at 
1 Gev of m„(l Gev) = 5.1 ± 1.5 Mev and md{l Gev) = 8.9 ± 2.6 Mev. 
Now consider a chiral U{1)a transformation of the quarks 

Ql exp{^A) Ql , Qr-* expi^A) Qr (22) 

where A is a diagonal 2x2 matrix. The meson matrix U transforms as the quark bilinear 
QlQr and under ( ^2]) it transforms as 

U exp{^A) U expi^A) (23) 

This symmetry is realised in the Goldstone mode by the transformation 

7 



Vol ^ r]oI - fA (24) 

The meson Yukawa term 

Ql U G' Qr (25) 

remains invariant under the chiral U{1)a transformations and (^). 

The S field is a singlet under and the corresponding quark Yuakawa term QSQ is 
in general not invariant under (^21) . The chiral U{1)a transformation generates a CP odd 
term from the E Yukawa coupling of the form 

SCcp = h5 Sin{A) G Q. (26) 
V2 

As the chiral transformation (^2]) is anomalous it has the effect of changing 6 by 

e^e - tr{A) (27) 

Therefore by choosing the quark rotation matrix A such that tr{A) = 6 we can rotate the 
CP odd gluonic 6 term away in favour of the CP odd term (^) in the quark sector. The 
quark rotation matrix A is further constrained by Dashens theorem [|TB| which states that 



the axial term (|26|) must be a singlet under SU{2)a in order that the vaccuum be stable 
against decay into pions. This is achieved by choosing 

which reduces the CP odd contribution of the Yukawa sector to the fiavour singlet form 

bL(jp = ^= SiniO ^"^'^ ){u i'y^ u + d i'^^ d} (29) 
V 2 Qu + Qd 

Therefore if the Yukawa couplings or or both are zero then quark Yukawa sector has 
an additional U{1)a symmetry which can be used to rotate the gluonic 9 term away without 
generating CP violation in the quark sector . This solves the strong CP problem even with 
nonzero quark masses as the Yukawa couplings g'^ and g'^ in ( [^la| , ^lb[ ) can be chosen nonzero. 



8 



The U{1)a symmetry is realised in the Goldstone mode and the corresponding Goldstone 
boson rjo can be identified with the flavour singlet linear combination of the r7'(958) and the 
77(549) mesons. This meson is heavier than other mesons in the (tt, A', r^g) octet due to the 
anomaly in the corresponding U{1)a symmetry and the effect of QCD instantons ||^. The 
?7o mass is given by 

X 3qj 

-li^l^GG + J2 ^iQiilbQiW) (30) 



[nir. 



\2 



and it does not vanish in the chiral limit of vanishing quark masses unlike the masses of the 
other Goldstone mesons. 

Leptons can also have Yukawa coupling with U . We write the lepton flelds in the chiral 
notation L\ = (z/j^, e^)"^ and = (z/)j, e^)^ where i = e, /i, r is the generation index. Here 
we have introduced a right handed neutrino and in the minimal standard model, terms in 
the chiral expansion involving uji may be dropped. The SU{2)l x f/(l)y invariant lepton 
Yukawa terms are 

Ll^Gi Lr + LlU G'l Lr+ h.c (31) 

where Gi = diagonal{giy, g^) and G'l = diagonal{g'j^, g'^) and we have dropped the generation 
index. The neutral and charged lepton masses are in terms of the Yukawas 



m,. 



'i-''\v g, + f g',) (32a) 



2"V2( vge + f g\). (32b) 



When we rotate away the 9 term by the U{1)a transformation ( p2D and ( p3D generated by 
(p8|), the U Yukawa coupling in ( |3TD gives rise to the CP odd terms 

Q j- 

^cp = AQdg'A^^l^v) + ^«^'e(e^75e)} (33) 

V 2(fi'« + gd) 

This term which would contribute to the electric dipole momments of netrino and electron 
could be made to vanish by choosing g^ g' ^ = gu g' ^ = and thereby imposing the chiral 
U{1)a symmetry on the lepton Yukawa sector also. 

9 



A probe into the Yukawas are the rare leptonic decay of pions and r]Q. The weak couphngs 
of pions with leptons are obtained in different ways in the quark composite and the Goldstone 
boson model of pions. From (p!6| ) it is clear that the weak vector bosons W"' couple to w"' 
which are orthogonal to the physical pions vf" given by (|18[). This leads to the paradoxical 
result that the weak current 

.eak = vd,w^ + /S^vr" (34) 
does not couple to the physical pions 

(0|J; ^eak 1^") = (35) 

in the Goldstone bosons model of pions. 

We shall see that the weak leptonic decays of the pions for example 7r+ fi^ u arise 
from the Yukawa couplings of the pions with leptons. We expand the Yukawa term (|3T|) in 
terms of vr'' and w"' and use the relations ([TTD and (|l^) to substitute in terms of the physical 
pions Tf"" and the electroweak Golsdstone bosons w"". The w"" can be transformed away by a 
SU{2)l X U{1)y gauge transformation. The couplings of vf'^ with fermions are in the leading 
order 

^^ff = (w^+T^y^Tf*''^^'' ^ ^^^'^^ ^^^^^^ " 71 ^ ^^'^^ ^^^lcr 

+ if 9i + vg'i)VudTT^i^LeR + {fgu + vg'^)Vdu t^'cli^r} + h.c (36) 

Here Vij are the Kobayashi-Masakawa matrix elements introduced in going from the weak 
quark basis to the mass basis during the diagonalisation of (|1^) and the generation index of 
leptons has been dropped. The amplitude for the standard weak decay 7r+ ^J'r'^l obtained 
from ( |5B| ) is 

-^.+^4., = *v^(^ + ^9',)Vud ^V^j^L (37) 

where the second term gives the deviation from the standard quark model. The amplitude 
for decay in the wrong helicity channel is 
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= ^v^(^ + vg'^Wu, n^f^t'^R (38) 

Similarly the amplitudes for the decays fc^ uu , e^e^ can be read off from ( p6D to be 
compared with the experimentally observed branching ratios. 

The couplings of the rjo to fermions is given by the LlUG'iLr term of the lepton Yukawa 
coupling (|31|) . The amplitudes for r/o decay to charged and neutral lepton pairs is given by 

/ 

Mr,o^e+e- = e) Vo e^Tsc (39a) 

/ 

Mrio^uD = i^d'u) Vo ^^1^^ (39b) 

The simplest ansatz for imposing a chiral U{1)a symmetry on the Yukawas and avoiding 
tree level leptonic decays of r^o would be to let the quark masses be generated entirely from 
the coupling with U ( i.e set G = in (|T9|) ) and the leptons masses from S ( set G'l = in 
(prp). This however is not the only possibility and the Yukawas must be determined from 
experiment . 
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TABLES 



TABLE I. SU{3) x SU{2)l x U{1)y quantum numbers of the chiral fields. 



Field SU{S) X SU{2)l x U{1)y 

Q\ = {u'L,d\f (3,2,1/6) 

Q'R = {u'R,d'RY (3,2,l/6 + T3fl) 

UL = {y'L,e'Lf (1,2,-1/2) 

L'R = {v'R,e'Rf {1,1,-1/2 + T\) 

S {1,2 -T^r) 

U {1,2 -T^r) 
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